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Power and sample size calculations





     Determining an appropriate sample size is one of the most important ingredients in planning a successful investigation.  To identify an appropriate sample size, the following questions must be addressed:





(i)  What sized deviation from the quantity of interest is it desired to be able to detect with confidence, or what sized deviation will be tolerated?  (E.g., if the quantity of interest is the prevalence of a condition in a population, what percent deviation from the true prevalence will be tolerated?  If the quantity of interest is the difference in the average outcome for two competing treatments, what size of a difference between treatment means would be  viewed as clinically important?)





(ii)  At what significance level will a test be carried out (or what confidence is to be associated with a confidence interval)?





(iii)  In the case where a test of significance is of primary interest, what power is desired for being able to reject the null hypothesis, i.e., how sure do we want to be that H0 will be rejected in the event that H0 is not true and there is an effect of a certain size that characterizes the departure from H0?





Power of a test





     The power of a test is defined as the probability of correctly rejecting the null hypothesis, i.e., the probability of correctly rejecting H0 when H0 is not true.  (Note the contrast between this idea and the significance level of a test, which is the probability of rejecting H0 when H0 is true.)  Power is a function of a few factors, specifically: (i) the “effect size”, or magnitude of the difference between groups being compared, (ii) the significance level of the test being planned, and (iii) the sample sizes in the groups being compared.  By specifying an effect size of interest and the significance level of planned tests in advance, the sample size appropriate to those choices can be determined as a function of the specified values.





     It is easier to develop the conceptual framework by first discussing one-sample settings.  We review below an example involving a one-sample test of whether a population mean equals a particular null value and another example involving an attempt to estimate a population proportion to within a specified margin of error.





Sample size calculation for a one-sample test of a population mean





Example:  Suppose a laboratory scientist wants to determine whether the average temperature created by a chemical reaction is greater than 100(C.  Readings from an available thermometer are known to have a standard deviation of 0.3(C.  The scientist wants 90% power to conclude that the mean is at least 100(C if the true average temperature is at least 100.1(C.  How many readings are needed if the significance test is based on ( = 0.01?





Step 1.  Set up hypotheses and characterize the “rejection region” of the test procedure in terms of the sample mean � EMBED Equation.2  ���.





			H0:	( = 100


			HA:	( > 100	(i.e., for simplicity we consider a one-sided test)





Under H0, 


	�EMBED Equation.2���
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We would reject H0 at the ( = 0.01 level if  


	�EMBED Equation.2���
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where z0.01 cuts off an area of 0.01 in the upper tail of a standard normal distribution (from a standard normal table, z0.01= 2.326), or equivalently if
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We call x0 the “critical value”, i.e., the value that falls at the boundary of the rejection region.





Step 2.  Relate the critical value to the distribution of  � eq \O(x)�  under the alternative hypothesis.





Under HA, assuming that the true average temperature is 100.1( as described in the statement of the problem, we would have





	�EMBED Equation.2���


�seq Equation  \* Arabic�4�


Under the alternative, we want P(� eq \O(x)� > x0) = 0.90 or greater (since 0.90 is the desired power of the test.  Equivalently (i.e., after performing some operations on both sides of the inequality in the parentheses) we want


	�EMBED Equation.2���
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The left-hand side is a random variable that in large samples, based on the Central Limit Theorem, will be approximately N(0,1) distributed.  Sometimes we denote a generic standard normally distributed random variable by Z; making that substitution along with substitutions on the right-hand side we can say that we want
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or equivalently that
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Thus, we want to equate the right-hand side of the inequality to the value from the standard normal distribution that cuts off 0.90 in the upper tail, i.e., z.90, which is -1.282.  The rest is algebra to solve for the appropriate sample size n:





	�EMBED Equation.2���


�seq Equation  \* Arabic�10�For ( = 0.3, we obtain 117.16 on the right-hand side; by rounding up to the next largest whole number, we obtain n = 118 as a sample size that will ensure at least 90% power to reject H0 at the ( = 0.01 level assuming that the actual average temperature is at least 100.1(.





     The expression for n just above gives some insight about the role played by various factors needed for the sample size calculation:  the effect size, i.e., the number of standard deviations difference under the null and alternative hypotheses, is in this case 0.1/(.  The standard normal quantile that cuts off ( in the upper tail is 2.326, and the standard normal quantile that cuts off ( in the upper tail is 1.282 where ( is the probability of a false acceptance of the null hypothesis, or the Type II error rate.  The power of the test is 1-(.





     Thus, in general we can calculate the appropriate sample size for a one-sided test of whether a population mean equals a null value by





	�EMBED Equation.2���


where z( is the standard normal deviate that cuts off ( in the upper tail, z( is the standard normal deviate that cuts off ( in the upper tail, ( is the significance level, ( is the probability of Type II error and also equals (1 - Power), D is the deviation between null and alternative means it is desired to detect, ( is the standard deviation of measurements, (/( is the “effect size”, i.e., the number of standard deviations between the null and alternative means that it is desired to detect.  Note how information given at the outset is used in the problem.





Extending this idea to realistic applied settings





     With two-sided tests, two-sample tests, or in other more complicated settings, the general ideas discussed here can be extended.  In practice, one often relies on a computer program in which one can specify various input factors and be provided with the power associated with a given sample size. One computer package that carries out such calculations is known as PASS (standing for Power Analysis and Sample Size), another package that incorporates sample size calculations is known as EGRET, and still others are available.   Then, often by trial and error after setting up the appropriate inputs to the program, one can find the sample size for which one would have just barely in excess of 80% power or 90% power or whatever power was desired for the test.





     Such programs also are useful for implementing Bonferroni adjustments, since the significance level is one of the needed input factors for the sample size calculation.  Recall that to implement a Bonferroni adjustment, the investigator would identify a certain number of tests, say  k , across which the investigator wants to ensure that the probability of at least one Type I error (false rejection of the null hypothesis) is less than (; once  k and the experiment-wise ( are determined, the significance level that would be input to the sample-size package for the given test is (/k . 





     As we have discussed, the population standard deviation ( is seldom known in applied research.  Variations on the above calculation can be carried out for the scenario where the standard deviation is estimated and a t-test is to be used in the analysis.  The available statistical software easily accommodates this extension.





     Perhaps of greater concern, however, is that the effect size is apt to be a matter of conjecture before a research project is undertaken.  Put differently, if we knew the effect size, we would not have to do a study to ascertain the effect size, yet to determine a sample size for the study, we need to know the effect size.  This seems an impossible dilemma.  But another perspective on the same issue is that it is important to clarify in advance the magnitude of an effect (i.e., the effect size) that would be regarded as clinically significant if it were found.  Sample size calculations, therefore, connect the effect size that would be regarded as clinically significant with a sample size that would make it very likely to declare a formal study of this effect to produce a statistically significant result. One reason that sample-size calculations are regarded as so crucial in applications for funded research is that they force investigators to clarify this connection, thereby enabling reviewers to evaluate the relative merits of the research proposal.





Sample size calculation when sampling for a population proportion





     Some of the calculations described earlier are simplified when sampling for a population proportion due to the fact that the variance of a proportion, p(1-p)/n , is a known function of the mean p.





Example.  Suppose we want a procedure for obtaining an interval estimate for the prevalence p of a certain psychiatric disorder such that in repeated applications of the procedure there is a 95% chance that the interval covers the true value and such that the half-width of the interval (i.e., the margin of error) is no greater than d = 0.03.  How large should n be?





     Note that the half-width of a 95% interval estimate for p is given by 





� EMBED Equation.2  ���


This half-width generally depends on the 


unknown value of p, but note that p(1-p) 


as a function of p reaches a maximum 


when p = 0.5:





If we assume p(1-p) to be as large as possible, we get a conservative estimate of the margin of error.


By setting
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and solving for n, we obtain
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Thus, we can take n = 1068.  Note how this size relates to the sizes of most political polls.





Tables for power calculations





       Some texts, such as Designing Clinical Research by S.B. Hulley and S.R. Cummings (1988, Baltimore: Williams and Wilkins), provide useful tables for getting a rough idea of the sample size needed in an investigation.  Sample size calculations involving Bonferroni corrections and other extensions are best carried out using a computer package, but having a table handy can at the very least be useful when a study is in the planning stages.





     Two tables are appended here, one that provides the sample size needed per group in a comparison of means between two independent samples and another that provides the sample size needed per group in a comparison of proportions between two independent samples.  Needless to say, there are other types of statistical tests that are frequently needed in applied research, but these two settings are very common.





     The sample sizes appropriate for tests between means are contained in what is labeled Appendix 13.A.  The investigator needs to supply as input: (1) the significance level ( (and whether the planned test is to be one-tailed or two-tailed), (2) the Type II error rate ( that is deemed tolerable (recall that the power of the test = 1–(), and (3) the effect size, denoted (/( above but denoted E/S in the table (see footnote to table).  For example, if we planned a two-tailed test at the ( = 0.05 level and wanted 80% power to determine an effect size of 0.5 standard deviations to be statistically significant, we would look across in the row for 0.50, look down in the second set of three columns corresponding to a two-tailed test at the ( = 0.05 level, and pinpoint the rightmost of those three columns corresponding to (=0.20, implying 80% power.  The needed sample size would then be 63 per group, or 126 overall.





     For purposes of exposition in a proposal for funded research, it is sometimes useful to reviewers who are not specialists in statistics to relate the effect size in an alternate way.  One way to do this is to refer to a table of the standard normal distribution and point out that an effect size of 0.5 standard deviations, for example, corresponds to having the mean of one group at roughly the 69th percentile of the distribution of scores in the other group (which comes from the fact that the probability to the left of 0.50 in a standard normal table is 0.6915).





     The appended table labeled Appendix 13.B contains sample sizes needed when the planned comparison is between two proportions, which would be relevant when the primary outcome of interest is a binary “success”/“failure” type variable.  Here, effect sizes are expressed simply as the difference between two proportions.  Suppose a study is planned to compare two treatments, and it is anticipated in advance that one treatment would produce 20% adverse outcomes while the other would produce 10% adverse outcomes.  Appendix 13.B. suggests that 199 subjects per group, or 398 subjects overall, are needed to have 80% power to detect the difference as significant using a two-tailed test at the (=0.05 level.  This is seen by noting that the smaller of the two proportions is 0.10, which defines the appropriate sets of rows of the table, the difference between the two proportions is expected to be 0.10, which defines the appropriate column, and the ( and ( are chosen so that the middle number of the three numbers portrayed is the appropriate sample size per group.





      Sometimes researchers are tempted to think in terms of one treatment being 50% better than another.  Although such descriptions can be useful in communicating with professional colleagues, it is important to understand that sample sizes depend largely on differences between means or proportions, not on their ratio or some other function of the two quantities. An example might help illustrate:  if one is interested in a relatively rare event that occurs 2% of the time in the absence of treatment but might occur 1% of the time in the presence of treatment, in a sample of 200 subjects from each group, one would expect 4 events in the control group and 2 events in the treatment group.  Such a difference clearly could be explained by chance variation.  In fact, it would require multiple thousands of subjects per group to have 80% power to detect a such a real underlying difference between the treatments as statistically significant (2254 per group, to be precise, using the PASS software program).  This is so despite the fact that the ratio of the proportions (2 to 1) is the same here as it is for the comparison between one treatment that produces 20% adverse events and another that produces 10% adverse events, a comparison that would require just 199 subjects per group to achieve 80% power.  





     Analogously to using p = 0.5 in sample size formulas to obtain a conservative estimate of sample size in sampling for a single proportion, for a given difference between proportions, the sample size needs are largest when the midpoint of the interval between them equals 50%.  Note, for example, that if the smaller of the two proportions is 0.45 and the difference between the two proportions is 0.10 (making the larger proportion equal to 0.55 and the midpoint of the interval between the two proportions equal to 50%), the required sample size is 391 per group, which is a larger sample size than is needed for detecting a difference of 0.10 between any other pair of proportions in the table.  This result follows from the fact that the variance of the sample proportion, which equals [p(1-p)]/n, takes on its maximum value when p = 0.50, or 50%.  When an investigator is unsure what value to assign to the lower of p1 and p2, a conservative choice is obtained by letting the assumed proportions straddle the value of 0.50.
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